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• ATLAS and CMS have discovered a Higgs boson.

Introduction

➡ So far the signal strength is compatible with the 
Standard Model (SM).

➡ New physics could appear via quantum corrections.

• Current experimental precision on cross section: ~30%.

• Status of theoretical predictions:

      [8 TeV]     [%]
LO 9.6 pb ~ 25%

NLO 16.7 pb ~ 20%
NNLO 19.6 pb ~ 9%
N3LO ??? ~ 4%

� �� ➡ At some point, 
experimental precision 
will go below the 
theoretical uncertainty.



• Goal of this project:

Introduction

Compute the partonic Higgs cross section to next-to-next-
to-next-leading order (N3LO) in perturbative QCD!

• Challenge: Never before has an N3LO computation for a 
hardon collider been attempted ...

➡ Uncharted territory!

➡ New conceptual challenges.



• The dominant Higgs production mechanism 
at the LHC is gluon fusion.

The gluon fusion cross section

➡ Loop-induced process.

• For a light Higgs boson, the top quark can be integrated 
out.

• As a result, we obtain a dimension five operator describing 
a tree-level coupling of the gluons to the Higgs boson:

L = LQCD,5 �
1
4v

C1 H Ga
µ⌫ Gµ⌫

a

• In the rest of the talk, I will only concentrate on the 
effective theory.
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LO

NLO

NNLO

N3LO

1 diagram

Growth in complexity for real emission

1 integral

10 diagrams 1 integral

381 diagrams 18 integrals

26565 diagrams ~200 integrals

Need new technology!
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Reverse-Unitarity
• Optical theorem:

➡ Discontinuities of loop amplitudes are phase space 
integrals.

=
Z

d�Im

• Reverse-Unitarity: write inclusive phase space integrals as 
unitarity cuts of loop integrals.

[Anastasiou, Melnikov; Anastasiou, Dixon, Melnikov, Petriello]

➡ Makes inclusive phase space integrals accessible to all the 
technology developed for multi-loop computations!

➡ Reverse-unitarity applied successfully at NNLO.
[Anastasiou, Melnikov]

➡ Need something new to deal with 200 integrals at N3LO...



Reverse-unitarity @ N3LO
• Idea: Perform the expansion around threshold expansion!

➡ Known to give very good results at NNLO. [Harlander, Kilgore]
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• Idea: Perform the expansion around threshold expansion!

➡ Known to give very good results at NNLO. [Harlander, Kilgore]
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• We have developed a way to combine reverse unitarity with the 
threshold expansion for real-emission diagrams.
➡ Number of integrals reduced from 200 to 10 for the first two 

terms in the threshold expansion.

➡ Some integrals needed input from modern number theory to 
be computed

• Problems:

➡ Which diagrams contribute to which order?

➡ Integrals can contribute to many orders.



Soft triple real emissions

leading-order cross sections for H plus five partons. More details about the construction of

the amplitude in this limit will be given in Section 7. Here it suffices to say that we have
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We have normalized all the integrals to the soft phase space volume for H+3g defined

in eq. (3.16). In the remainder of this section we give the dimensional recurrence relations

satisfied by the master integrals and present the analytic results for each master integral

as a Laurent expansion in the dimensional regulator ε. Technical details about how to

compute the master integrals analytically will be given in Section 8.

6.2 Dimensional recurrence relations

Using the technique described in Section 4, we can derive dimensional recurrence relations

for all the master integrals defined in the previous section. The knowledge of these recur-

rence relations provides us with a strong check on our results. In addition, it turns out

that the master integral F9(D) is easier to compute in D = 6− 2ε dimensions, where it is

finite, and the dimensional recurrence relations allow us to relate the six-dimensional and

four-dimensional results in an easy way.

The recurrence relation for the soft phase space volume is trivial to obtain from the

recurrence relation for the Γ function,

ΦS
4 (D + 2) =

(D − 4)(D − 3)(D − 2)3

72(D − 1)(3D − 5)(3D − 4)(3D − 2)(3D − 1)

Γ(D − 4)

64π3Γ(D − 1)
ΦS
4 (D) . (6.11)

As we have defined all our master integrals relative to the phase space volume ΦS
4 , we can

simplify their recurrence relations by factoring out the above result. We therefore define

the ratio

R =
ND

3

ND+2
3

ΦS
4 (D + 2)

ΦS
4 (D)

=
(D − 4)(D − 3)(D − 2)3

72(D − 1)(3D − 5)(3D − 4)(3D − 2)(3D − 1)
, (6.12)

where N was defined in eq. (4.4). We give the results for the remaining master integrals
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Soft triple real cross sections

• The integrals immediately allow us to write down the first two 
terms in the soft expansion of the cross section, e.g.,

In the case that two final-state partons are a quark anti-quark pair we sum over all

possible quark flavours and obtain a factor Nf . The corresponding cross-section is then

given by

σS(0)g g→H+g q q̄ =
1

8(1 − ε)2(N2
c − 1)2

(4παS)
3ΦS

4 (ε)CACF c
2
HNf (7.6)

×
{

C2
A

[
F1(ε)32

1

(3 − 2ε)2(ε− 1)ε4(ε+ 1)(2ε − 1)

×
(
288ε11 − 18288ε10 + 129712ε9 − 347128ε8 + 408738ε7 − 107919ε6

−271140ε5 + 359705ε4 − 210605ε3 + 66680ε2 − 10853ε + 690
)

+ F2(ε)
32

3

(
−108ε6 + 180ε5 − 201ε4 − 14ε3 + 67ε2 − 22ε+ 2

−4ε5 + 8ε4 + ε3 − 8ε2 + 3ε

)

− F5(ε)32
ε− 6ε2

−2ε2 + ε+ 3

]

− F1(ε)64
72ε7 − 396ε6 + 982ε5 − 1377ε4 + 1134ε3 − 527ε2 + 122ε− 10

ε4(2ε− 3)

}

=
25

37
1

8(N2
c − 1)2

(4παS)
3ΦS

4 (ε)CACF c
2
HNf

×
{

153090

ε4
− 1604043

ε3
+

1

ε2
(
− 29160ζ2 + 4903902

)

+
1

ε

(
− 204120ζ3 + 321732ζ2 − 4833675

)
− 874800ζ4 + 2252124ζ3 − 911088ζ2

+ 203535 + ε
(
− 2711880ζ5 − 233280ζ2ζ3 + 9651960ζ4 − 6290136ζ3 − 492210ζ2

+ 1667109
)
+ ε2

(
− 9360360ζ6 − 816480ζ23 + 29921076ζ5 + 2573856ζ2ζ3

− 26589060ζ4 − 4323186ζ3 + 4693212ζ2 + 1294731
)

+ 2CACF

[
167670

ε4
− 1743039

ε3
+

1

ε2
(
− 29160ζ2 + 5267592

)
+

1

ε

(
− 204120ζ3

+ 321732ζ2 − 5183163
)
− 874800ζ4 + 2252124ζ3 − 911088ζ2 + 337959

+ ε
(
− 2711880ζ5 − 233280ζ2ζ3 + 9651960ζ4 − 6290136ζ3 − 492210ζ2 + 1651749

)

+ ε2
(
− 9360360ζ6 − 816480ζ23 + 29921076ζ5 + 2573856ζ2ζ3 − 26589060ζ4

− 4323186ζ3 + 4693212ζ2 + 1284491
)
]

+O(ε3)

}

.

In the soft limit only the processes with gluons in the initial state contribute. All other

contributions containing at least one (anti-) quark in the initial state vanish in this limit.

This can be understood in terms of soft factorisation: there is no born-level process with

a massless initial state fermion in Higgs production.
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N3LO status

Triple virtual

Double real 
virtual

Real-virtual 
squared

Double virtual 
real

✓ + Convolution with splitting functions.

✓a ✘ ✘

✘ ✘ Triple real
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Conclusion

• The inclusive gluon fusion cross section might get within 
reach in the next few years!

• We have developed a new technique to compute the 
threshold expansion of real emission diagrams.

• Application to Higgs@N3LO has allowed us to obtain the 
first two terms in the soft expansion of the triple real 
contribution.

• Extension of this approach to mixed real-virtual integrals 
will allow us in the future to obtain a good approximation 
to the full N3LO cross section.
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first two terms in the soft expansion of the triple real 
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➡ Possible to obtain more terms in the expansion.

➡ Most complicated contribution under control!


